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Appendix

Appendix A: Derivation of the optimal portfolio weights

A.1 Mean-variance portfolio

For the mean-variance portfolio (Markowitz, 1952), the optimal portfolio weights wy,,

can be calculated as follows:
1,
WMV = ;2_111 (A 11)

in which the vector of expected excess returns is considered. This computation is
applied for the model incorporating parameter and model uncertainty. For the model,
only taking parameter uncertainty into account, a risk-free asset doesn’t exist and the

optimal portfolio weights are derived as follows:

1
Whyy = ;2_1(12 — 2°1y). (A4.1.2)

In the absence of the risk-free asset, the expected returns on the zero-beta portfolio are

subtracted from the expected returns. The zero-beta portfolio can be written as:

B—vy
0 = —= A.1.3
Jti y ( )

with A=152711y and B=4AT2711,.
A.2 Minimum-variance portfolio

For the minimum-variance portfolio, the optimal portfolio weights wy;y can be

calculated as follows:

1
Wyin = Zz_llN. (AZ].)

A.3 Bayes-Stein portfolio
The optimal portfolio weights of the Bayes-Stein portfolio wpg are a weighted average
of the portfolio weights of the mean-variance portfolio and the minimum-variance

portfolio and can be calculated as follows:

Wgs = ¢PpsWyy + (1 — dps)wyy (A.3.1)

in which ¢g; is the shrinkage factor, which can be written as:
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V,

7
A.3.2
n+ Vu ( )

bps =

and v, is the precision of the prior on ¢ and can be written as:

~ N +2
(A — ppn)TET — panrw)

V,

u (A4.3.3)

in which pyy 1s the mean of the minimum-variance portfolio (Jorion, 1986).

A.4 Ambiguity-averse approach with parameter uncertainty only
The optimal portfolio weights for GUW’s ambiguity-averse approach wyy,

incorporating parameter uncertainty only, can be written as:

B—y <1 + \/E*>
1 . Yop
WAA = _2_1 \/_ ‘Ll — A 1N (A4‘1)
1+28
YOop
in which ¢ is defined as
_ - DN A.42
E_En(n—N)' (4.4.2)

n is the length of the in-sample period (window length) and op is the positive real

solution to the following polynomial equation:
Ay?op + 2Ay\eo + (As — AC + B? —y?)of — 2yVeop —e =0 (A.4.3)
withA = 112711, B=aT2" 11y and C = AT 14.

(A.4.1) can then be written as (13), in which the optimal portfolio weights w,, are a
weighted average of the portfolio weights of the mean-variance portfolio and the

minimum-variance portfolio. The shrinkage factor ¢4, (€) can be computed as follows:

Ve

Paale) = m-

(A.4.4)

A.5 Ambiguity-averse approach with parameter and model uncertainty
For GUW’s ambiguity-averse approach, incorporating both, parameter and model
uncertainty, the optimal portfolio weights for the risky assets w, and for the factor

portfolios wy, are given by the following system of equations:
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with

A ﬂa
# (ﬁb

w, = max

wy, = max

1—

1-—

Ve
/g(Wb)TEEég(Wb)
Jév

/h(wa)TZ;gh(wa) '

0

0

gWwp) = fig — YZapWp,

) presents the expected excess returns and X =(

h(wg) = fip — YZpaWg-

1o
> Takgwy), (A5.1)
~Shph(wy), (A5.2)
(A.5.3)
(A.5.4)
z:aa z:ab>
resents the
Sba Zpp) P

variance-covariance matrix of the risky assets and the factors.

Appendix B: Replication of the results of GUW — Portfolio weights

A graphical representation of the turnover ratios for the different portfolio optimization

strategies is presented in Figure B.1, for both cases, when short sales are allowed (Panel

A) and when short sales are not allowed (Panel B). In both cases the portfolio weights in

the US index over time is shown.

Figure B.1: Portfolio weights in the US index over time

This figure presents the portfolio weights in the US index over time for different portfolio optimization
strategies. The portfolio strategies considered are the mean-variance strategy (blue line), the minimum-
variance strategy (red line), the Bayes-Stein strategy (yellow line), the ambiguity-averse approach with €
=1 (purple line) and the ambiguity-averse approach with € = 3 (green line).

Panel A:

short sales allowed
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Panel A: shortselling allowed
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Panel B: short sales not allowed
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The graphical representation confirms the results presented in Chapter 5.2.1.
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Appendix C: DAX30 — parameter and model uncertainty

Table C.1 reports the out-of-sample performance of the mean-variance strategy, the
minimum-variance strategy, the Bayes-Stein strategy, the ambiguity-averse approach
and the 1/N rule for a portfolio optimization problem, in which the investment universe
consists of 16 DAX30 stocks and where both, parameter and model uncertainty are

considered.

Table C.1: Parameter and model uncertainty — DAX30 stocks

This table reports the out-of-sample Sharpe ratio for the returns on different portfolio optimization
strategies. The parameter €, presents the ambiguity about the asset returns and varies between 0 and 3
and €, presents the ambiguity about the returns of the factor portfolio also varying between 0 and 3. The
parameter o presents the investor’s belief in the validity of the CAPM, where ® = 0 means the investor
doesn’t believe in the CAPM and @ = 1 means the investor believes dogmatically in the CAPM. The
values for the Sharpe ratios are expressed as percentage per month. The timespan considered extends
from January 1973 to December 2016.
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Application to the DAX30 stocks

Strategy Sharpe ratio

Mean-Variance 0.0321

Minimum-Variance 0.1377

Bayes-Stein 0.0466

Naive Diversification 0.0689

Ambguity-averse With =0 €

Sharpe ratio 0.00 0.50 1.00 1.50 2.00 2.50 3.00

€. =0.00 0.0531 -0.0158 -0.0158 -0.0158 -0.0158 -0.0158 -0.0158

€ =0.25 0.1116 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =0.50 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =0.75 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =1.00 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =1.50 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =2.00 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =2.50 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =3.00 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
With o =1

€. =0.00 0.1117 0.0487 0.0487 0.0487 0.0487 0.0487 0.0487

€ =0.25 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =0.50 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€ =0.75 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =1.00 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€ =1.50 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€ =2.00 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€ =2.50 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

€. =3.00 0.1117 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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